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1.  Introduction. 


( 


# 


Systems  of  sampling  inspection  by  attributes  often  contain  rules  for  switching 
between  normal  and  tightened  Inspection.  The  following  simple  rule  proposed 
by  Dodge  [  1  J  has  been  adopted  by  Military  Standard  105  D  [  3  ]:  (1)  When 
normal  inspection  is  in  effect,  tightened  inspection  shall  be  Instituted  when 
2  out  of  at  most  5  consecutive  lots  have  been  rejected.  (2)  When  tightened 
inspection  is  in  effect,  normal  inspection  shall  be  instituted  when  5  conse¬ 
cutive  lots  have  been  accepted.  (3)  Furthermore  the  following  rule  for 
discontinuation  of  inspection  is  specified:  In  the  event  that  10  consecutive 
lots  remain  on  tightened  inspection,  inspection  under  the  previsions  of  this 
document  should  be  discontinued  pending  action  to  improve  the  quality  of  sub¬ 
mitted  material. 


For  single  sampling  plans  Dodge  proposes  to  use  the  same  sample  size  for 
*  normal  and  tightened  inspection  and  to  make  the  acceptance  number  one  unit 

t 

smaller  for  tightened  Inspection  than  for  normal.  In  the  Military  Standard 
t  105  D  the  reduction  is  increasing  with  the  acceptance  number  itself. 

The  purpose  of  the  present  paper  is  to  give  a  probabilistic  description  of 
the  effects  of  these  rules.  This  is  done  by  means  of  the  theory  of  recurrent 
events  and  many  of  the  following  results  are  found  by  straightforward 
applications  of  the  methods  given  by  Feiler[  2  J.  As  far  as  practical  we 
shall  keep  to  the  notation  by  Feller. 

In  sections  2  -  6  we  shall  discuss  the  effects  of  using  the  rules  (1)  and  (2). 
Modifications  resulting  from  inclusion  of  rule  (3)  are  treated  in  sections 
7  and  8. 
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2,  Notation  and  definitions. 

Consider  a  series  of  lots  submitted  for  inspection.  By  inspection  of  any  lot 

the  "inspection  system"  may  be  in  the  state  Normal  (N)  or  Tightened  (T)  and 

the  decision  regarding  the  lot  may  be  Acceptance  (a)  or  Rejection  (r).  Thus 

for  each  lot  one  of  the  following  four  events  may  occur:  N^,  i.e.  the  lot  is 

accepted  under  normal  inspection.  .  T  ,  T  .  The  probabilities  of  the  four 

r  a  i  r  4  X  4 

events  for  lot  number  m  ere  denoted  by  p  ,  ...,p  .  where  p  +.  ,.+p  *  1. 

7  *m7  rm  rra 


The  probability  that  the  mth  lot  will  be  under  tightened  inspection  is 

3  4 

P~  +  P„ 


m 


m 


m 


Corresponding  to  the  sampling  plans  employed  there  exist  operating  characte¬ 
ristics  giving  the  probability  of  acceptance  P  ■  P(p)  under  normal  inspection 

for  lots  of  quality  p  (fraction  defective  in  lot),  and  a  corresponding 
« 

probability  P  under  tightened  inspection.  In  the  following  it  is  assumed  that 

all  lots  submitted  for  inspection  are  of  the  same  quality.  The  probabilities 
# 

P  and  P  are  considered  as  known. 


From  the  multiplication  rule  we  have  immediately 

"  ZJ*  and  P 1  "  ^_Cl~p*)  y 

mm  mm 


and  similarly 


P*  -  (1-z  )P  and  p*  «  (1-z  )(1  P). 

m  m  m  m 


It  follows  that  the  four  probabilities  are  known  when  z^  is  known. 

The  composite  operating  characteristic,  i.e.  the  probability  of  acceptance 
of  a  lot  of  quality  p  taking  into  account  that  some  lots  are  under  normal 
and  some  under  tightened  inspection,  is 


1  3 

Pm  +  Pm 
m  m 


(1  -  z  )P  +  z  P 

m  m 


(1) 


which  is  a  weighted  average  of  the  two  given  operating  characteristics. 

In  the  following  we  shall  determine  z^  and  some  other  important  quantities. 

Instead  of  basing  the  switching  rule  on  (at  most)  5  consecutive  lots  we  shall 
use  d  lots. 

Generating  functions  af  sequences  (fm),  (u^),  etc*  he  denoted  by 

F(s),  U(s),  etc. 


3.  Results  for  tightened  inspection 


o 

A 


The  condition  for  shifting  to  normal  inspection  is  that  d  consecutive 
lots  are  accepted  under  tightened  inspection, 

n 

Let  f  be  the  probability  that  the  first  run  of  length  d  of  accepted  lots 
tn  — 

occurs  at  inspection  of  the  mth  lot  (inspection  being  tightened  of  all  m 
lots).  Feller  [2  ],  p.  300,  has  shown  that  the  generating  function  of 

(A  u 

in 


F(s)  -  £  f  s 

N  m*o 


*d  d 
P _ s 


a  -  p#s) 


1-s  +  Q*P 


*d  d+1 
s 


Fn(1)  -  1,  (2) 


*  *  N  N  N 

0  =  1  -  P  .  and  f  =  f.  =  ...  *  f.  ,  “0.  Furthermore  the  mean  and 

o  1  d-l 

variance  of  the  number  of  lots  inspected  under  tightened  inspection  are 


and 


F'<1) 


*d 


1  -  P 

**d 

Q  P 


a2  * 


1  -  P 


*d 


\2 

; 


(2d  +  1) 


*d 


_P_ 

*2 


O) 

(4) 


*  * 

For  P  — >  l  we  have  £ — >  d  and  6  — >  0  whereas  for  P  — >  0  we  find 

£P*  — i >  1  and  a/l  — >  1. 

Looking  only  at  lots  under  tightened  inspection  the  probability  u^  that 

m 

tightened  inspection  ends  at  the  mth  lot  converges  to  l/£  for  m  — >  «. 

* 

Table  1  contains  some  values  of  £  and  6  as  function  of  P  for  d  »  5. 


Table  1. 

Mean  and  standard  deviation  of  waiting  time  (expressed  by  number 
of  lots  inspected)  for  shift  from  tightened  to  normal  inspection 
for  d  »  5. 


* 


P 

1 

a 

0. 99 

5.15 

0.76 

0.95 

5.35 

1.94 

0.90 

6.94 

3.24 

0.75 

12.9 

9.31 

0.  50 

62.0 

58.2 

0.2  5 

136  x  10 

136  x  10 

0. 10 

111  x  103 

111  x  103 

0.05 

337  x  104 

337  x  104 

0.01 

101  x  108 

101  x  108 

A.  Results  for  normal  inspection. 


The  condition  for  shifting  to  tightened  inspection,  is  that  2  out  of  at  most 
d  consecutive  lots  are  rejected  urdcr  normal  inspection.  This  is  equivalent 
to  the  following  definition: 

The  recurrent  event  F.  occurs  at  i:  st'ecticn  of  the  mth  lot  if  and  only  if  one 

of  the  d-i  sequences  of  k  letters  NS  ...NH  ,  k  «  2,...,d,  occurs  with  the 

last  at  the  mth  lot  rncl^  the  firs_t  not  being  the  last  member  of  a 

similar  sequence  resulting  in  the  occurrence  of  E  at  the  (m-k+l) st  lot. 

For  d  *  5  consider  as  an  ax  amnio  the  sequence  IINNNNNNNN  where  E 

1  aararaarr 

occurs  at  the  5th  and  the  9th  lot  but  rot  at  the  8th  lot  since  the  preced¬ 
ing  (at  the  5th  lot)  has  already  been  taken  into  account  in  defining  the 
previous  occurrence  of  E. 


Let  u  denote  the  probability  that  E  occurs  at  inspection  of  the  mth  lot. 
in 

The  probability  that  E  occurs  at  the  (n-h-rl) st  lot,  given  that  occurs, 

is  u  ,^,/Q  since  the  probability  that  both  E  and  N  occur  equals  the 
m-n-t-i  r 

probability  that  E  occurs. 


As  the  events  which  together  define  E  are  mutually  exclusive  we  find  the 
following  recursion  formulas 


and 


“  A  Vk+lN  .2Jc-2 

u  ^  E  I  1-  - r —  !Q  P  ,  m«2,3,...,d-l, 

^  S: 


k-2 


t  (.  m-k+l  \  _.2k-2  .  JjLl 

Um*  E  \  1_  - 0 - QP  »  “  ■  d,d-kl,..*  , 

k=2  '  ^  ' 


or 


and 


m 


QCl-P1"’1)  =  um+  Q  I  um_k+1pk"2,  m  -  2,3,...,d-l,  (5) 

k-2 


d- 1  a  k-2 

Q(l-P  )=u  +  Q  Z  u  ...P  ,  m  ■  d,d+l, . . ., 

m  ,  „  m-k+l  ' 
k-2 


(5) 


which  together  with  uq=  1  and  u^~-  0  define  {u^}.  Multiplying  (5)  by  s™ 
and  summing  over  m  we  find 


d-1  i  .  .  . 

E  Q(l-P  )s  +  Q(l-P  )c  ! ( 1 - s ) 

m»2 


(U(s)-1)(14Q  E  Pk‘2sk‘1).  (6) 
k-2 


By  reduction  we  get  from  (6) 


and 


(l-P»-QPd‘1£d)/(l-«)  -  U<8)(14<)8  - ) 


P(s)  -  1-  -  Q2s2(l-(Ps)d'l)/a-P»)(l-Ps-<}Pd‘1«d).  (7) 


From  (7)  we  find  F(l)  »  1,  the  mean  "waiting  time" 


F’(i)  -  n  -  z  + 


<,  Q(l-Pd-1)  ' 


(8) 


and  the  variance 


<J2  “  F*(l)  +  4  -  4^ 


2  .  ,2d-2 

4  +  4(- 


1-P 


d-1 


-  2d  -  1)  -  2 


02(l-Pd“S  Q 


(9) 


T 

Looking  only  at  lots  under  normal  Inspection  the  probability  u^  that  normal 
inspection  ends  at  the  mth  lot  converges  to  1/4  for  ■  — ->  «. 


For  P  — >  1  we  have  4  — >  00  and  0/4  -— >  1  whereas  for  P  — >  0  we  find 
4  >  2  and  <3  >  0. 


Table  2  contains  some  values  of  4  and  <3  as  functions  of  P  for  d  ■  5. 


Table  2. 

Mean  and  standard  deviation  of  waiting  time  (expressed  by 
number  of  lots  inspected)  for  shift  from  normal  to  tightened 
Inspection  for  d  *  5. 


p 

u 

a 

0  99 

2638 

2635 

0.95 

128 

125 

0.90 

39.1 

36.8 

0.75 

9.85 

7.88 

0.50 

4.13 

2.36 

0.25 

2  67 

0.969 

0.10 

2.22 

0.498 

0.05 

2.11 

0.333 

0.01 

2.02 

0.143 

T 

In  the  following  section  we  shall  use  the  notation  F_(s),f  ,  etc.  for  the 

N  T  m 

functions  defined  above  in  analogy  with  f  ,  etc.  from  the  previous 

section. 
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5.  The  probability  of  tightened  inspection  and  the  composite  operating 
characteristic . 

In  the  following  we  shall  assume  that  normal  inspection  is  used  for  the 
first  lot. 


The  probability  y^  that  normal  inspection  is  reinstated  for  the  first 
time  just  after  inspection  of  the  mth  lot  is 


m-1 

Z 

v=l 


^f1*  , 

v  m-v' 


(10) 


so  that  Y(s)  «  F_(s)F„(s)  .  It  is  obvious  that  the  waiting  time  correspond* 
T  N 

ing  to  the  probability  distribution  {y  }  equals  the  sum  of  the  waiting 
T  N  m 

times  for  {f^}  and  {f^}.  In  particular  we  have  for  the  average  waiting 
time  Y'(l)  “  F'(l)  +  FJ(1)  «  n  +  i  since  FT(1)  -  FN(1)  -  1. 

Let  g^  denote  the  probability  that  shifting  from  normal  to  tightened 
inspection  takes  place  just  after  inspection  of  the  mth  lot.  This  requires 
that  tightened  Inspection  is  introduced  for  the  first  time  just  after 
the  mth  lot  or  that  normal  inspection  is  reinstated  for  the  first  time 
just  after  the  vth  lot  and  shifting  to  tightened  then  occurs  after 
inspection  of  further  m-v  lots,  v  ■  1,2,..., m-1,  l.e. 


j  m-1 

fo+  VA-v' 

v-1 


0, 


(11) 


which  is  the  renewal  equation.  The  generating  function  for  (g^)  becomes 


G(a)  =  FT(s)/(l-Y(s»  -  FT(s)/(l-FT(s)FN(s))  (12) 

and  since  FT(1)  ■  Y(l)  ■  1  it  follows  from  Theorem  1,  p.  291,  in  Feller  [2] 
that 

gm—>  1/Y'(1)-  1/  (m  +  5).  (13) 


* 

Denoting  by  the  analogously  defined  probability  of  shifting  from 
tightened  to  normal  we  find 


g 


m 


m-1 

y  +  I  y  g* 
'm  .  v  m-v 
v*l 


0, 


and  g*  — >  l/(pi  +  5) . 

Iu 


The  probability  of  a  shift  taking  place  just  after  inspection  of  the  rath 
lot  is  thus  asymptotically  equal  to  2/ (p.  -I-  £)  • 


We  now  have  for  t  ,  the  probability  that  the  mth  lot  is  under  tightened 

tn 

inspection,  the  first  one  being  under  normal  inspection, 

,N 


U 


n 

E 

va  1 


8, 


m-v 


00 

E 

i-v 


*2“  o. 


Introducing 


e  ■ 

n 


fN 


00 

E  *  , 
v' 

V"Q 


n  •  0,1,... 


with  the  generating  function  E(s)  ■  (1-sFn(s))/(1-s)  and  E(l) 
find 

m 

*  -  E  g  e  -  g 

n  m-v  v  m 

v*o 


1  +  |  we 

(14) 


and 


Z(s)  »  G(s)(E(s)-l)  -  Ft(s)(E(s)-1)/(1-Y(s)) 

-  sFt(s)(1-Fn(s))/(1-s)(1-Ft(s)Fn(s)).  (15) 


Since  F^,(1)(E(1)-1)  is  finite  and  f(l)»l  we  find  by  using  the  same  theorem 
as  above  that 

— >  FT(l)(E(l)-l)/r<l)  =  5/<m  +  {)•  dO 

# 

Table  3  gives  lim  z  as  function  of  P  and  P  for  d  ■  5. 

m 

The  composite  operating  characteristic  (1)  converges  to 

P  -  <uP  +  +  O  (17) 

which  is  the  weighted  mean  of  the  operating  characteristics  for  normal  and 
tightened  inspection  with  the  average  run  lengths  under  normal  and  tightened 
inspection  as  weights. 

#  — 

It  follows  from  the  properties  of  ^  and  £  as  functions  of  P  and  P  that  P 

*  # 

will  be  close  to  P  for  large  P  and  close  to  P  for  small  P  ,  - 
see  Table  3  for  details.  The  switching  rule  thus  produces  a  composite  0C- 
curve  with  the  desirable  property  of  being  steeper  than  each  of  the  two 
components . 


Limiting  probability  of  tightened  inspection  for 
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6.  An  cxannle. 
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As  an  example  consider  the  sampling  pirn  for  AQL  ■  2.5  per  cent  and  code 
letter  J  in  Mil.  Std.  105  D.  The  sample  cize  i3  £0  and  the  acceptance 
number  for  normal  inspection  equals  5,  for  tightened  3.  The  computations 
arc  based  on  the  binomial  distribution. 


Table  4  gives  values  of  p  corresponding  to  given  values  of 


P(P) 


£ 

x*o 


.80.  X  80-x 
<x)p  <1 


* 

For  these  values  of  p  we  compute  P  (p)  and  from  (3)  and  (8)  £  and  n.  Finally 
the  (limiting)  composite  operating  characteristic  is  found  from  (17).  If 
we  are  not  interested  in  the  values  of  £  and  we  may  determine  £/(n  +  £) 
by  interpolation  in  Table  3. 


It  will  be  seen  that  the  upper  part  of  P  is  nearly  equal  to  P  and  the  lower 
* 

part  equal  to  P  . 


Table  4. 

Computation  of  composite  operating 
characteristic  and  probability  of  shift. 


p 

lOOp 

* 

P 

u 

i 

P 

2/<M+e) 

0.99 

2.23 

0.890 

2638 

7.19 

0.990 

0.001 

0.95 

3.32 

0.726 

128 

14.5 

0.927 

0.014 

0.90 

3.99 

0.604 

39.1 

28.9 

0.774 

0.029 

0.75 

5.30 

0.382 

9.85 

198 

0.399 

0.010 

0.50 

7.06 

0.175 

4.13 

729  x  10, 

0.176 

0.000 

0.25 

9.14 

0.058 

2.67 

157  x  10, 

0.058 

0.000 

0.10 

11.28 

0,016 

2.22 

969  x  10° 

0.016 

0.000 

0.05 

12.69 

0.006 

2.11 

950  x  10® 

0.006 

0.000 

0.01 

15 .5  7 

0.001 

2.02 

239  x  10 

0.001 

0.000 

7.  The  probability  of  discontinuation  of  inspection. 


Suppose  that  th>  previously  discussed  rules  are  supplemented  by  the  foilewing: 
Inspection  is  discontinued  when  k  consecutive  lots  have  been  under  tightened 
inspection.  This  is  the  rule  given  in  f  3  "| ,  and  we  *:hall  interpret  it 
in  the  following  way:  After  the  kth  lot  normal  inspection  shall  be  reinstated 
if  the  last  d  lots  have  been  accepted,  otherwise  inspection  shall  be  rtopped. 
It  is  assumed  that  k  >  d. 


The  result  for  the  mth  lot  may  therefore  be  N  ,N  ,T  ,T  orS,  where  S  denotes 

'  a’  t’  a’  r  ’ 


that  "inspection  has  been  discontinued".  The  corresponding  probabilities 


10  - 


ai  *2  A3  A 

are  denoted  by  p  .  p  .  p  .  p  and  p  .  their  sun  beinr  1. 

*  nr  nr  rnr  rra  *nr 

As  far  as  possible  we  shall  use  the  same  notation  as  previous  with  the  modi* 
fication  that  a  circumflex  denotes  that  the  rule  for  discontinuation  of 
inspection  has  been  taken  into  regard . 

We  therefore  have  z  =  p  +  p,p  ■  z  P  .  p  =  z  (1-P  ).p  ■  (1-p  -z  )P. 

^2  a  a  m  ra  n  m  ra  '  m  nr  '  ,rm  rm  m'  ' 

and  p  *  (1-p  -z  )(1-P).  It  follows  that  a  .1  the  probabilities  may  be  found 
m  mm 

from  p  and  z  ,  which  will  be  determined  in  the  following. 

m  nr 


To  handle  the  stopping  rule  in  a  practical  way  we  introduce  the  truncated 
distribution 


£N 

m 


t  f 


1 


N 

'm 


f  or  m  0, 1, . . .  ,k 
for  m  -  k+l>k+2, . . . , 


(13) 


the  generating  function 
Fn(3)  - 


k  u 

E  f".0, 
m'l  m 


fn(1> 


Y  f 


ft 

m 


N  ' 


and  the  average  waiting  time 


A 

i 


M  A 

ra-1 


(19) 


Comparing  with  (10)  it  then  follows  that 

m- 1 


m 


EfT;N  , 

v-1  v  m'v 


v  yr 


d+1 


O, 


and 


Y(s)  -  Ft(s)Fn(s),  Y(l)<  1. 


Similarly  we  get  analogous  to  (11) 


A  A 


/>  J  ®"  1  A  A 

g  -  f  +  E  y  8  ,  g  «  g,-  o, 

m  n  .v  m-v  o  l 
v*l 

G(s)  -  FT(s)/(l-FT(s)FN(s)), 


and  G(l)  *  1/(1  -  FM)  so  that  g  — >  0  for  fixed  k  and  ra  — >  «. 

N  m 

Let  denote  the  probability  that  inspection  is  discontinued  lust  after 
inspection  of  the  mth  lot.  We  then  find 


V  Vk(1  •  '»>’  d-'  0, 


N' 


o  1 


k+1 


D(s)  =  skG(s)/G(l),  and  D(l)  -  1.  Finally 


r 


11 


A 


m-1 


I 

val 


A 


A 


pk+2  "  °> 


(20) 


A  A 

and  P(s)  «  8D(s)/(l-s)  .  Since  D(l)  ■  1  we  have  pn  — >  1  fcr  m  — >  » 
and  fixed  k. 


The  mean  and  variance  of  the  number  of  lots  inspected  before  discontinuation 
are 


T1  -  (4  +  I  Fn  +  k(i-FN))/(l-FN)  (21) 

and 

A  A  0  AO  A  A  2 A  A 

0  (1-Fm)  ■  ’x  +  °n  fn  +  («*•{)  V<l'V  <2Z) 

AO  A„  a  a  aO 

where  oN  -  FN(i)/FN  +  £  -  £  . 

* 

For  P  — >  1  and  P  — >  1  we  have  rj— >  oo  and  a/ rj  — >  1  whereas  for 
* 

p  — *>0&nd  P  — >  0,  rj — ■>  2+k  and  <3  — >  0,  see  also  Table  5. 

Table  5. 

Mean  and  standard  deviation  of  waiting  time 
(expressed  by  number  of  lots  inspected)  before 
discontinuation  of  inspection  for  d*5  and  k-10. 


p 

* 

P 

A 

$ 

A 

fn 

n 

a 

0  99 

0.890 

6.07. 

0.866 

19700 

19700 

0.95 

0.726 

6.73 

0.473 

261 

249 

0.90 

0 . 604 

6.99 

0.240 

63.6 

51.5 

0.75 

0.382 

7.27 

0.033 

20.4 

8.65 

0.50 

0.175 

7.42 

0.001 

14.1 

2.38 

0.25 

0.058 

7.48 

0.000 

12.7 

0.970 

0.10 

0.016 

7.49 

0.000 

12.2 

0.498 

0.05 

0.006 

7.50 

0.000 

12.1 

0.333 

0.01 

0.001 

7.50 

0.000 

12.0 

0.143 

8.  The  conditional  composite  operating  characteristic. 


Introducing 


we  get  as  in  (1A) 


for  m  =  0, 1, . .  .,k 
for  m  ■  k+l,k+2, . . . 


A 

z 

tn 


1,1  A 

E  8 

v=o 


A  A 

e  -  g  , 

m-v  v  nr 


A 

z  = 
o 


A 


0, 


and 
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Z(s)  -  G(s)  (E(s)  -  1), 

where 

E(s)  -  Z  evsV  =  (l-sFN(s)-8k+1(l-FN))/(l-s)> 

v*o 


which  lead  Co 


Z(s) 


s  FT(8)(1-FN(8)-Sk(l-FN)) 
'S  1-Ft(s)Fn(s) 


(23) 


A  A 

For  k  — >  »  we  have  Z(s)  — >  Z(s)  since  F^s)  — >  FN(s) . 

A  A 

As  Z(l)  is  finite  it  follows  that  z  — >  0  in  accordance  with  the  previous 

m 

result  that  p  — ■>  1.  Similarly  we  have  for  the  probability  of  acceptance 

M  a3  m 

that  p  +  p  — >  0. 
rm  rm 

It  is,  however,  the  conditional  probability  of  acceptance,  given  that 
inspection  has  not  been  discontinued,  which  is  of  interest.  The  correspond - 
ing  conditional  probability  of  tightened  inspection  is  z^  -  z^/O-p^). 

«  A 

To  find  the  limiting  value  of  z  we  need  the  generating  function  of  (1-p  ) 

m  m 

which  from  (20)  is  found  to  be 


Q(s)  *  (l-sD(s))/ (1-s) 

a  W.1  A 

1-F  (s)F  (s) -sk+iF  (s) (1-F  ) 

-  —I - « - L - «-  •  (24) 

(l-s)(l-FT(s)FN(s)) 


Comparing  Q(s)  and  Z(s)  it  will  be  seen  that  they  may  be  written  as 
Q(s)  ■  U^(s)/V(s)  and  Z(s)  »  Ug^/VCs)  where  U^(s),  ^(s),  and  V(s)  are 
polynomials,  the  degree  of  the  U's  being  lower  than  the  degree  of  V. 
According  to  Feller  [2],  p.  259,  we  then  have  asymptotically 

sifl  t1-^  ~-U1(0l>/V’<B1> 

and 

5fl  V  -u2C®i)/v'(Si) 

where  s^  is  a  root  of  V(s)  =  0  which  is  smaller  in  absolute  value  than 
all  other  roots. 

It  follows  that  z ^  — >  U2 (s i)/U^(8j)  or 


(25) 


Limiting  conditional  probability  of  tightened  inspection  for  d  =  5  and  k  =  10. 
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938  0.967  0.984  0.  S92  0.  997  0.  999 
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A 

where  s1  is  the  smallest  root  in  the  equation  i-F^(s)FN(s)  »  0.  By  solving 
this  equation  numerically  one  may  thus  determine  lim  z*. 

A  *d  d 

Since  F„(s)  ■  P  s  R(s),  where  R(s)  is  a  polynomium  of  degree  k-d  with 
"  *  * 
coefficients  which  are  nonnegative  powers  of  P  and  Q  and  with  the  constant 

A 

term  equal  to  1,  we  get  from  l-F^,(s)F^(s)  =  0  by  means  of  (7)  that 

Q2P*ded*2(l-Ps+(Ps)2+  ...  (Ps)d‘25l(s)  =  l-Ps-QPd“l8d.  (26) 


* 

Let  now  (P,P  )  — >  (0,0). If  we  suppose  that  s  is  bounded,  then  the  left 
hand  side  of  (26)  tends  to  zero  whereas  the  righthand  side  tends  to  one, 

and  therefore  we  conc.ude  that  s  - ->  ».  Thus  s  '  )-k*(  s.)  tends  to  a 

-k^  ^  ^  1  * 

constant,  whih  means  that  F  (s^)  — >  0  and  hence,  from  (25),  Zffl — >  1  . 


* 

For  (P,P  )  — >  (1,1),  suppose  that  s  is  bounded.  Then  the  right  hand  side 
of  (26)  tends  to  1-s  and  the  left  hand  side  tends  to  zero.  Thus  s  — >  1, 

A  A  *  i 

which  means  that  (1-F.,(s, ))/(l-F.,)  — >  1  and  hence  z  — >  0. 

N  1  N  m 


*  £ 

Table  6  shows  lim  z  as  function  of  P  and  P  for  d  *  5  and  k  *  10.  Comparing 

tn 

* 

with  Table  3  it  will  be  seen  that  lim  z  <  lim  z  and  that  there  may  be 

m  m 

considerable  differences  between  the  two  probabilities.  It  will  be  noted 

*  # 
that  for  given  P  and  P  — >  0  we  have  lim  z  — >  1  whereas  lim  z  tends 

m  m 

to  a  constant  less  than  1,  which  result  may  also  be  derived  from  (26). 


Table  7  gives  a  comparison  of  the  limiting  composite  operating  characteristics 
computed  from  (16)  and  (25)  for  the  plan  mentioned  in  section  6.  The  limiting 
conditional  composite  operating  characteristic,  P  ,  is  computed  as 


?  ■  P*lim  z  +  P(l-lim  z  )  • 

m  m 


Table  7. 


Composite 

operating 

characteristics 

for  d=5  and 

k=10  compu 

ted  from  (16) 

and  (25) 

• 

p 

* 

P 

lim  z 

m 

* 

lim  z 

ra 

P 

P* 

0.99 

0  C90 

0.003 

0.002 

0.990 

0.990 

0.95 

0 . 72o 

0.102 

0.064 

0.927 

0.936 

0.90 

0 . 604 

0.425 

0.214 

0.774 

0.037 

0.75 

0.302 

0.953 

0.696 

0.399 

0.494 

0  50 

0.175 

0.999 

0.981 

0.176 

0.101 

0.25 

0.050 

0.058 

0.058 

0.10 

0.016 

0.016 

0.016 

0.05 

0.006 

1.000 

0.006 

0.006 

0.01 

0.001 

1 .000 

0.001 

0.001 
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To  get  an  idea  of  the  rate  of  convergence  for  (or  any  other  probability 
discucsod)  one  may  U3e  the  recursion  formulas.  A  numerical  investigation 

-It 

has  shown  that  z  reaches  the  limiting  values  (with  3  decimal  places)  given 
m 

in  Table  7  before  m  ®  20. 
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Summary . 

It  is  proved  that  a  ruie  for  shifting  between  normal  and  tightened  inspection 

<as  the  one  defined  in  Military  Standard  105  D  leads  to  a  composite  operating 

—  *  * 

characteristic  which  converges  to  P  *  (4P  +  £P  )/(n  +  |)>  P  and  P  being  the 
operating  characteristics  for  normal  and  tightened  inspection  respectively, 

(a  and  £  being  the  average  waiting  times  expressed  in  number  of  lots  inspected 
for  switching  from  normal  to  tightened  and  from  tightened  to  normal  inspection. 
The  average  waiting  times  and  the  standard  deviations  are  found  as  functions 
of  P  and  P  by  means  of  the  theory  of  recurrent  events.  Recursion  formulas 
are  given  for  all  the  probabilities  involved. 

Introducing  furthermore  a  rule  for  discontinuation  of  inspection,  analogous 
formulas  are  derived  and  the  conditional  composite  operating  characteristic, 
given  that  inspection  has  not  been  discontinued,  is  found. 


Sommaire . 

On  a  montre  qu'une  rdgle  pour  changer  entre  1' inspection  normale  et  renforefce, 

conmecelle-ci  definie  dans  Military  Standard  105  D,  aura  pour  resultat  une 

courbe  d'efficacite  composite  qui  converge  vers  P  *  (p?  +  £P  )/(|i  +  £),  P  et 
#  , 

P  etant  les  courbes  d'efficacite  pour  l'inspection  normale  et  renfor  ■  ~ 

respectivement,  pi  et  |  etant  les  attentes  moyennes  pour  changer  d' inspection 

normale  d  renforc6e  et  vi^e  versa.  A  l'aide  de  la  theorie  des  fevenements 

recurrents,  on  derive  les  attentes  moyennes  et  les  ecarts-types  comae  des 

* 

fonctions  de  P  et  P  .  Pour  toutes  les  probability  dont  il  s'agit,  les 
formules  de  rfecurrence  sont  dfeduites. 

En  outre,  en  introduissant  une  rdgle  pour  ia  discontinuation  de  l'inspection, 
des  formules  analogues  sont  deriv6es  et  la  courbe  d'efficacite  composite 
conditionel le,  suppos6  que  l'inspection  n'ait  pas  6t6  discontinue,  est  trouv6e. 


